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Some times ago, a Lagrangian density has been proposed by the author where only the local 
symmetries of the Lorentz subgroup of (A)ds group is retained. This formalism has been found 
to produce some results encompassing that of standard Einstein-Hilbert formalism. In the present 
article, the conserved axial vector matter currents, constructed in some earlier paper, have been 
found to be a result of Noether's theorem. 
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1. INTRODUCTION 

It is well known U that torsion and curvature of any 
manifold are related to translation and rotation respec- 
tively. In particular torsion is more precisely related to 
broken translation gauge fields within the framework of 
nonlinear realization of the local space time groupQ. So 
to exploit both the symmetries of translation and rota- 
tion any gravitational Lagrangian must contain torsion 
together with curvature. 

Kibble Q and SciamaQ pointed out that the Poincare 
group, which is the semi-direct product of translation and 
Lorentz rotation, is the underlying gauge group of grav- 
ity and found the so-called Einstein-Cartan theory where 
mass-energy of matter is related to the curvature and spin 
of matter is related to the torsion of space-time. From ge- 
ometrical point of view there is an important connection 
between the de Sitter group and the Poincare group. It 
is a well known fact that the Poincare group can be ob- 
tained from the de Sitter group by an appropriate Inonil- 
Wigner contraction [11, @. In the late 1970s, MacDowell 
and MansouriQ introduced a new approach of gravity, 
based on broken symmetry in a type of gauge theory. 
Macdowell-Mansouri gravity is based on the (A)dS group 
which retains only the local symmetries of the Lorentz 
subgroup. Even at the level of the action, the exact local 
(A)dS symmetry is clearly broken, whereas local Lorentz 
symmetry is retained. 

In differential geometry we know that certain global 
features of a manifold are determined by some local in- 
variant densities. These topological invariants have an 
important property in common - they are total diver- 
gences and in any local theory these invariants, when 
treated as Lagrangian densities, contribute nothing to 
the Euler-Lagrange equations. Hence in a local theory 
only few parts, not the whole part, of these invariants 
may be kept in a Lagrangian density. Few years ago, a 
gravitational Lagrangian has been proposed @ where a 
Lorentz invariant part of the de Sitter Pontryagin den- 
sity has been treated as the Einstein-Hilbert Lagrangian. 
By this way the role of torsion in the underlying manifold 
has become multiplicative rather than additive one and 
the Lagrangian looks like torsion ® curvature. In other 
words - the additive torsion is decoupled from the theory 



but not the multiplicative one. This indicates that tor- 
sion is uniformly nonzero everywhere. In the geometrical 
sense, this implies that microlocal space-time is such that 
at every point there is a direction vector (vortex line) at- 
tached to it. This effectively corresponds to the non com- 
mutative geometry having the manifold M4 x Z2, where 
the discrete space Z2 is just not the two point space @, 
but appears as an attached direction vector. Consider- 
ing torsion and torsion-less connection as independent 
fields [3, it has been found that k of Einstein-Hilbert 
Lagrangian, appears as an integration constant in such a 
way that it has been found to be linked with the topolog- 
ical Nieh-Yan density of D4 space. If we consider axial 
vector torsion together with a scalar field (j) connected 
to a local scale factor [ll|, then the Euler-Lagrange equa- 
tions not only give the constancy of the gravitational con- 
stant but they also link, in laboratory scale, the mass of 
the scalar field with the Nieh-Yan density and, in cosmic 
scale of Friedmann-Robertson-Walker(FRW)-cosmology, 
they predict only three kinds of the phenomenological 
energy density representing mass, radiation and cosmo- 
logical constant. In a recent paper [l^, it has been shown 
that this scalar field may also be interpreted to be linked 
with the dark matter and dark radiation. Also it has 
been shown that, using field equations of all fields ex- 
cept the frame field, the starting Lagrangian reduces to 
a generic f{TV) gravity Lagrangian which, for FRW met- 
ric, gives standard FRW cosmology (l3j. Here TZ is the 
Ricci scalar of the Riemann curvature tensor. But for 
non-FRW metric, in particular of [l3|, with some par- 
ticular choice of the functions of the scalar field (j) one 
gets f{TV) = foR. '9, where Vtg is the constant tangen- 
tial velocity of the stars and gas clouds in circular or- 
bits in the outskirts of spiral galaxies. With this choice 
of functions of (j) no dark matter is required to exp lain 
flat galactic rotation curves. In a recent paper[15j, we 
see that variation of torsion in the action gives us the 
axial vector 1-form = ^'757^' to be an exact form. 
If wc consider FRW geometry to be in the background 
then the FRW postulate [l5|. makes it possible to define 
an axial vector current 3-form Ji as a product of tor- 
sion and matter current j^. is conserved and as well 
as gauge invariant. In manifolds having arbitrary back- 
ground geometry the product of and an exact 2-form 
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F gives us another gauge invariant conserved current . 
These conserved axial currents imphes pseudoscalar con- 
served charges. In this article we are going to study the 
possible connection of the conserved current with a 
Noether symmetry together with its physical significance 
in connection with the charge associated with the electro- 
magnetic field and with the entropy of a black hole. In 
the following four sections we have studied the formal- 
ism employed in [ll|, [l^ [l5j . The section precceding the 
section of discussion contains new results. 



2. AXIAL VECTOR TORSION AND GRAVITY 

Cartan's structural equations for a Riemann-Cartan 
space-time U4 are given bv[l6l[T7j. 



where 



(1) 
(2) 



here w^h and e° represent the spin connection and the 
local frame respectively. 

In U4 there exists two invariant closed four forms. One 
is the well known Pontrvaginfisi [l9|. density P and the 
other is the less known Nieh- Yan density [201 > given by 

(3) 



P = R"" ARab 

and N = d{ea/\T'') 

= AT, -i^abAe"Ae^ 



(4) 



Here we consider a particular class of the Riemann- 
Cartan geometry where only the axial vector part of the 
torsion is nontrivial. Then from using antisymmet- 
ric property of axial torsion, we can write the Nieh- Yan 
density as 

-RabAe'' Ae'' = ~*Nrj , (5) 
T\cTadfe^ AefAe'^Aef^O (6) 

^eabcde'' Ae^'AefAe'' (7) 

is the invariant volume element. It follows that *A^, 
the Hodge dual of N , is a scalar density of dimension 
{lengthy^. 

We can combine the spin connection and the vierbeins 
multiplied by a scalar field together in a connection for 
SO{4:, 1), in the tangent space, in the form 



N 

where T" ATa 
and 1] 



W 



AB 



(8) 



where a, 6 = 0, 1, ...3; ^,5 = 0, 1, 2, ...4 and is a vari- 
able parameter of dimension (length)~^ corres pon ding 
to a local length scale. In some earlier works, [8l.ll0l[2l|. 
(j) has been treated as an inverse length constant. With 
this connection we can obtain 50(4, 1) Pontryagin den- 
sity as[ll| 

= i?'''' A + 2(/.2d(e« A T,) 

+A(j>d(t) Ae" ATa 
= P + dCr^, (9) 



F-^^ A Fab 



Ct^ ~ 202e«AT„ (10) 
P := -i?%Ai?\ 

= -{R\AR\ + 2R\AR\ 

+R\AR\), (11) 

R^ = dLd\,+id\Aid^a, (12) 

R\ = dT\+Cj\AT\ 

+T\aCj\+T\aT^, (13) 

d — n . r-r-in . hi m/l 

b = W 6 



and T'^h = w""/, - w% s. t. T'^b A = T'' (14) 



Now —R°-bAR^ a, the purely Riemannian torsion-less part 
of P, is a closed four form and is given by 

^R%AR''a = -d{u!%AR''a 

-^Cj\Acj'',Aij\)=dCR (15) 

where = ~ {ij" t A R\ - ^Cj'' b A Cj'' c A oj" a) ■ 

With the hypothesis that only the axial vector part of 
the torsion is nontrivial, we can write 

and *A ^ T = ^T^^^adx'' A dx" A dx" (16) 
s.t. N = 6dT (17) 

In this framework we see that 

k'bAR^a = -2d{AAdA 

-h^\AT\AT\) 

= -dCr (18) 

and 2i?"f,Ai?''a = -47^dT + 87^''''V(^^M) 

- 8d(G"^Arfc) = -dCRT (19) 



where 7]a = ^eabcd.e'' A A e" 



(20) 



Ct - 2(A A dA - -r"b A A T"a) 
and Cht = -8(G'^''Ab77,). 

Here V is the torsion-free covariant derivative; TZ, TZ°'^ 
and G"^ are, respectively, corresponding Ricci scalar, 
Ricci tensor and Einstein's tensor. 

Hence we see that the S'0(4, 1) Pontryagin density in 
Ui is the sum of four closed four forms, given by 

F'^^AFab = dCR + dCT + dCRT + dCT4>. (21) 

Since all these four forms are total divergences, they yield 
nothing in any local theory when treated as Lagrangian 
densities. Hence to have an effective field theory, how- 
ever, we may consider some Lorentz invariant parts of 
them as Lagrangian densities. So here we heuristically 
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propose a Lagrangian density which combines a part of 
dCfiT with a part of dCTcf, as follows 

C^ = {n-l3(f')dT=-^{n-l3cf')*Ni^ (22) 

where /3 is a dimensionless coupling constant. 

So far S'0(3, 1) invariance is concerned, torsion can 
be separated from the connection as the torsional part 
of the 50(3,1) connection transforms like a tensor i.e. 
when vierbeins also transform like 5*0(3, 1) tensors in a 
broken 50(4, 1) gauge theory. In this direction it is im- 
portant to define a torsion-free covariant differentiation 
through a field equation involving the connection and the 
vierbeins only and also we have to identify the torsion. 
So we introduce Lagrangian density Ci with two 50(3, 1) 
connections uj°'^ and uj"-^ , given by, 

Ci = *[&,A(Ve'^-r")][6,A(Ve"-r")] 

{lu"'' - Lu'''' - T'''')], (23) 

where V represents covariant differentiation with respect 
to the 50(3, 1) connection one form ba and Ca are 
are respectively a 2-form and a 1-form with one internal 
index and of dimension (length)"^ . If we treat ba and 
Ca as Lagrange multipliers then they define, respectively 
on the on-shell, T° as the torsion 2-form and w"'' as the 
torsion free connection. By this way torsion becomes 
decoupled from the connection part of the theory. It be- 
comes independent of the one form e° and in particular, 
owing to its fundamental existence as a metric indepen- 
dent tensor in the affine connection in C/4, we treat here 
the three form T = ■^e°' ATa as more fundamental than 
the one form T"'' = lo"^ - u)"^ . 

Now we add another Lagrangian density C2 containing 
a nonlinear kinetic term for the scalar field </), given by 

-f{<p)d(l) A*d(j}-h{(j})ri (24) 

where /(</>) and ft.(0) are unknown functions of </> whose 
forms are to be determined subject to the geometric 
structure of the manifold. 

Now we define the total gravitational Lagrangian den- 
sity in empty space, as, 

Ca = Co + Ci + £2, 

= -\{*Nni^ + /302iV) + * [&a A (V - r")][foa A 
6 

(V e'^ - T")] + * [c, A {io-" - cS'^" - T-^)] [c, 

~f{^)d(PA*d<f>-h{(j>)r,, (25) 

where * is Hodge duality operator, TZrj = ^R"-'' A rjab, 
R\ = dw\ + u\ A u^a, T"^ = e'^^T^^adx'' A dx", 
'-L — c '_L ' dx ^ 'J. — fjiU Oi dx ^ /\ dx /\ dx ^ 
N = 6dT, T]a = jf eabcd.e'' A A e'^ and r]ab = *(ea A e;,). 



Here /3 is a dimensionless coupling constant, V repre- 
sents covariant differentiation with respect to the con- 
nection one form w"^, ba and Cq are are respectively a 
2-form and a 1-form with one internal index and of di- 
mension [length)^^ . f{4>), h[4>) are unknown functions 
of (j) whose forms are to be determined subject to the geo- 
metric structure of the manifold. The geometrical impli- 
cation of the first term, i.e. the tor sion® curvature term, 
in the Lagrangian Lq has already been discussed in the 
beginning. Symmetry of the Lagrangian Cg is obviously 
"Lorcntz Symmetry" , since the gravitational Lagrangian, 
the first two terms of (PS)) . is the sum of two Lorentz in- 
variant parts of the de Sitter Pontryagin density. The 
Lagrangian Cg is only Lorentz invariant under rotation 
in the tangent space where de Sitter boosts are not per- 
mitted. Moreover, we define torsion only through the 
variation of the Lagrange multiplier ba in the Lagrangian 
Cg- As a consequence T can be treated independently 
of e° and w"''. Here we note that, though torsion one 
form T'''' = cj'''' - u)"-^ is a part of the 50(3, 1) connec- 
tion, it does not transform like a connection form under 
50(3, 1) rotation in the tangent space and thus it im- 
parts no constraint on the gauge degree of freedom of 
the Lagrangian. 

From the definition of the volume 4-form 77 we can 
write 

77 = ed'^x, 

= ■^^ eefj^uapdx'^ Adx" Adx"" Adx^ , 

= ^ if,^ a f3,dx'' A dx" A dx" A dx''^, (say), (26) 

where e = det (e"^) is a pseudoscalar, i.e., it trans- 
forms as y/—g, g = det((7^i/), under continuous coor- 
dinate transformation but under coordinate reflection its 
sign changes accordingly. Any parity preserving action 
of gravity may be written as 

J {eCs + Cp)d^x (27) 

Here £5 is a parity preserving scalar function of field 
variables and their derivatives where as Cp is a parity 
violating pseudo-scalar function. We have to note that, 
in the above action, the factor e is missing in front oi Cp. 
Cp itself changes its sign under odd parity transforma- 
tion whereas the factor e is required for Cs- Hence under 
arbitrary coordinate transformation x ^ x we have 

eCsd^x -> eCsd'^x = eCsd'^x (28) 
and Cpd^x Cpd'^x = Cpd'^x (29) 

For example, we may consider the electromagnetic field 
F^j^y in curved space time. In this case Cs = jF^i^F^^" 
and Cp ~ ^F^" F^'^ef^yafi- In our analysis, we have to 
note that this argument holds only in curved space time 
but in Minkowski space there is no local frame field and 
therefore there is no e to absorve the sign change due to 
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reflection of coordinate axes. Hence in curved space time 
eCs and Cp behave in the same manner under parity 
transformation but in Minkowskki space it is not true. 
Hence, in the present context where TZ and * N are scalar 
functions, the gravity Lagrangian Cq in (j25p is invariant 
under parity. 

3. SCALAR FIELD AND SPINORIAL MATTER 

Total gravity Lagrangian in the presence of a spinorial 
matter field may be taken to be 

Ctot. = Cg+Cd, (30) 

where 

+c^y^^d7>V^] (31) 

7a. := 7ae%, *7 7"^a, D:=d + T (32) 

- ~\<Jabe''^'e\..,dx'' (33) 

herei:»{}, or : in tcnsorial notation, is Riemannian torsion 
free covariant differentiation acting on external indices 
only; ct"'' = f (7^7'' - 1^1°')^ ip = ^^7° and g, are 
both dimcnsionless coupling constants. Here ip and ip 
have dimension (length)'' 2 and conformal weig ht -i. It 
can be verified that under SL(2, C) transformation on 
the spinor field and gamma matrices, given by, 

= Sip, '^^W^i'S^^ 

and 7->7' = S^iS''^, (34) 

where S = exp(|;6'a(,cr"''), F obeys the transformation 
property of a SL{2, C) gauge connection, i.e. 

r^r' = S{d + T)S-^ (35) 
s. t. L»7 ~ (i7+ [r,7] = 0. (36) 

Hence 7 is a covariantly constant matrix valued one form 
w. r. t. the SL{2, C) covariant derivative D. By Ge- 
roch's theorem, [231 , we know that - the existence of the 
spinor structure is equivalent to the existence of a global 
field of orthonormal tetrads on the space and time ori- 
entable manifold. Hence use of F in the SL{2, C) gauge 
covarint derivative is enough in a Lorentz invarint theory 
where de Sitter symmetry is broken. 

In appendices A and B, by varying the independent 
fields in the Lagrangian Ctot., we obtain the Euler- 
Lagrange equations and then after some simplification 
we get the following results 

Vea = 0, Unil) 

*7v = f, dHiol) 



i.e. V is torsion free and k is an integration constant hav- 
ing dimension of (length)^ .It is to be noted that, in (|25p . 
V represents a SO{3, 1) covariant derivative, it is only on- 
shell torsion- free through the field equation (jA12n . The 
SL{2, C) covariant derivative represented by the operator 
D is torsion-free by definition, i.e. it is torsion-frce both 
on on-shcU and off-shell. Simultaneous and independent 
use of both V and D in the Lagrangian density ([50)1 has 
been found to be advantageous in the approach of this 
article. This amounts to the emergence of the gravita- 
tional constant k to be only an on-shell constant and this 
justifies the need for the introduction of the Lagrangian 
multiplier ba which appears twice in the Lagrangian den- 
sity ([25)1 such that Lo°'b and e° become independent fields. 

m^, = c^V*dT ^ ^, dHH) 
1*7 A - §757 A + 771**7/ = 0, 
ilW A *7 - 1*757 A T + m^'^ri = 0, (|Bl3l ) 

where * = (f>ip and 777* = 777^. 

= [iV.J'{4-,7"}* 

-(A.*7''-i5''*7a)*} 

-f*75(7a*T''-7''*Ta)*]7y, (jB20l) 
Kd[f *(*757«' A T^- /*(rf0 A *d<j>) 

+2h-^<j>^] = ~^^^j,j^, dmi) 

|/30r; + f'(_^)d(j> A *d(l)-h^{(l))ri + 2fd*d<f> 
= -2^|{V^*7Ai:iV'+WA*77/'} 

- fPl5l^ A T + m^,JjijjTj] = 0. (|B22l) 

Let us make few comments about these results. 

• Right hand side of equation (|B19I ) may be inter- 
preted, j23j . as (— k) times the energy-momentum 
stress tensor of the Dirac field *(*) together with 
the scalar field </>. Where by equation (jBlOl ) the 
gravitational constant k is and then by equa- 
tion (jB12[ ) mass of the spinor field is proportional 
to 

• Equation (|B20I ) represents covariant conservation 
of angular momentum of the Dirac field in the 
Einstein-Cartan space C/4 as a generalization of the 
same in the Minkwoski space M4, (2^ . 

• Equation (jB22l ) is the field equation of the scalar 
field (f>. Here it appears that, in the on-shell, other 
than gravity, it has no source. Whereas in equation 
(|B21I ). there is a non trivial appearance of the tor- 
sion, the axial- vector matter-current and the scalar 
field 0; provided the coupling constant g is not neg- 
ligible in a certain energy scale. 
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Since there is no significant exp erimental evidence of any 
torsion-matter interaction, |25| , we may take, g to be neg- 
ligible at present time although there is a possibility that 
g played a dominant role in the early universe. In other 
words, we may say that the scalar field, which appears 
to be connected with the spinor field only in equation 
(jB21[ ). is at present playing the role of the dark matter 
and/or dark radiation. The consequence of this spin- 
torsion interaction term, in the very early universe, may 
be linked to the cosmological inflation without false vac- 
uum, [2^, primordial density fluctuation, [13, H^, and/or 
to the repulsive gravity, |3]| . 

In teleparallel gravitational theories [29j. torsion ap- 
pears to be proportional to the spin density of mat- 
ter. Absence of matter may imply no torsion. In 
this multiplicative-torsion approach 'torsion is uniformly 
nonzero everywhere', it may or may not couple with mat- 
ter. It is a microscopic phenomenon with macroscopic 
significance. It's possible origin may be non-commutative 
geometrvfol [soj. It's everywhere presence makes it pos- 
sible to define gravitational constant to be universal and 
as well as inversely proportional to the topological Nieh- 
Yan invariant. Again, it is to be remembered that present 
theory is a minimally extended theory of Einstein's GR. 
Role of other parts of torsion are not ruled out but they 
are not, simply, considered here. Hence in cosmologi- 
cal consideration, not in early Universe, torsion-matter 
coupling may be neglected without any prejudice and 
without affecting its (torsion's) multiplicative role. This 
prescription yields the phenomenological standard FRW- 
cosmology in the following section. 



4. FRW-COSMOLOGY, SCALAR FIELD AND 
DARK MATTER 

Here we analyse our results in the background of a 
FRW-cosmology where the metric tensor is given by 

.goo = -1, gij^5ija^{t) where = 1,2,3; (37) 

such that 

e = ^- dct(g^„) = a"^ (38) 
Taking g = 0, equation (jB21l ) gives us 



derivative of equation (p9)) . we get 



/,^2 ^ (^02+ A) +2/1. 



(39) 



where A is a constant of integration of dimension 
{length)~^ . Now, with the cosmological restriction on 
the metric as stated in (|37|) and the (/)-ficld is a function 
of time only, the equation (|B22n reduces to 

2/0 + 2/-02 + /'02_ 

e K 

where ' represents differentiation w. r. t. 0. If we 
eliminate (/> from this equation with the help of the time 



2/^02 ^ M0_3/j' 
e K 

or 2— = 

e ^{pcf)-^ + \) -2h 



(41) 



For the FRW metric, the non- vanishing components of 
Einstein's tensor (|B19n . w. r. t. external indices, are 
given by 



BM -<p i — 

K K 2 



a 

- -(- + ^)5^^ = ~^\{h)5U 
a a'^ 2 



A 3/1, 



(42) 



where we have assumed that, in the cosmic scale, the 
observed (luminous) mass distribution is baryonic and 
CO moving, s. t. 



Mbm 



PBM y 

0, otherwise. 



for a = 6 = 0, 



(43) 



Here Mbm and V are the total baryonic mass and volume 
of the universe respectively. 

From the forms of G^o and G^i it appears that the term 
^(/)2 represents pressure-less energy density i.e. 02 cx 
(X i. Putting this in (PT|) we get after integration 



-70s 



A 
2k 



(44) 



where 7 is a constant of dimension (length) 3 . Then 
from (|42l) . we get 



G"o = -H-)'^ = -K-{pBM + PDM + PDR + PVAC.) 

a 

GU = + 



where 



k(psm + Pdm + Pdr +Pvac.)S^ 



Pbm = Pdai = 



Pdm 



37 



K 
1 



PDR = Y"^' ' 3^^ 
PVAC. = -PVAC. = T" ^ (^^y)- 

4k 



(45) 

(46) 
(47) 

(48) 

(49) 



As the scalar field 0, at present scale, appears to be non- 
interacting with the spinor field ^, vide equations (jB13l ). 
(|B2H ) & (|B22I ). the quantities having subscripts bm, 
DM, DR. and VAC. may be assigned to the baryonic mat- 
ter, the dark matter, the dark radiation and the vacuum 
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energy respectively. If we add another Lagrangian den- 
sity to (pij) corresponding to the Electro-Magnetic field 
and modify D hy D + A, where A is the U{1) connec- 
tion one form, and also consider massless spinors having 
= 0, then on the r. h. s. of equations in (j45p . pdr and 
Pdb. would be replaced by and pr containing various 
radiation components, given by 



PR = Pdr + P'r + Pu, 
PR = Pdr +P'i+Pu 



s. t. PR 



1 



:Pr, 



(50) 
(51) 



where the subscripts have their usual meanings. Then 
from ([391) and (gS]), we get 



(52) 



where p may be written as 
P 



(1 H )PDM + (IH - 



Pv 



Pdm 

+PVAC. 



Pdr. Pdr. 



-)PDR 



(53) 



Here the dimensionless parameter is the baryonic 

Pdm •' 

matter-dark matter ratio of the universe and, as both 
PBM & PDM have the same power-law of evolution at 
large cosmic scale, it may be taken to be a constant of 
time. Similarly the parameters and may also 

■' ^ Pdr Pdr 

be taken to be constants of time. And then from (|52p . / 
may be expressed in the following form. 



/ = - 



C(t)^+D<f)i +E 



(54) 



where A, B, C, D and E are constants having proper 
dimensions. It may be checked that / cx 0~^(approx.) 
in both matter and radiation dominated era of the uni- 
verse but / is nearly a constant at a very late time when 
the energy density is dominated by the cosmological con- 
stant. 



5. ISOTROPIC, HOMOGENEOUS COSMOLOGY 
AND CONSERVED AXIAL CURRENT 

In previous section we see that neglect of torsion cou- 
pling constant g leads to the standard FRW cosmology. 
Therefore if we assume, without g being negligible, that 
the back ground geometry may be extrapolated from that 
of standard FRW geometry then taking clue from equa- 
tion (jB2ip . we may postulate, hence after we call it as 
FRW-postulate, 

/* {d(j3 A *d^) - 2h + = constant. (55) 



In this case equation (|B2ip reduces to 

f^g^Vl/ -K(i*(l'7575' A T). 



(56) 



Now defining an axial vector current 3-form, given by 



J4 



K*(«'757^'Ar)T, 



and using (|B10p we get 



(57) 
(58) 



6. NOETHER AXIAL CURRENT IN GENERAL 
CASE 

In general, with out assuming any particular back- 
ground geometry, we may define another axial vector cur- 
rent 3-form, given by 



J^j,j = k(*757^' a F) 



(59) 



where F ~ dA is the electro-magnetic or any C/(l) field 
strength. Then using equation (|B2ip we see that the 
current J^j^^ is conserved. Let us try to find out the 
symmetry involved, if any, with this conserved current. 

Here we consider only the globally invariant part of the 
spinor Lagrangian Cd from (|3T|) in curved space, given 
by 



Cd = -{1'*7Ad^' + d«'A*7*}- l^'7571'AT 



(60) 



It can be verified that under global SL{2, C) transfor- 
mation on the spinor field and gamma matrices, given 

by, 



and 7 



.7' 



1" = fS"- 



(61) 



where S = exp^ef^bcr'^''), is an invariant when 9ab are 
constant numbers. Now imposing local invariance in the 
tangent space where S = exp(|0ab(T'^'') = exp(|0^j,(T'"'), 
9ab are arbitrary infinetesimal tensor-indexed variables, 
we see that 



= 5Cd 
1 

^8 



*{*7 A d{e^,an - die^^an A *7}* 



=> = de /\ (*757*) 

= rf{6lA(l'757*)}-6lAd(*757*). (62) 

Then arbitrariness of the 2-form 6 implies ^'7574' to be 
a closed 1-form. From (|B21[ ) we see that this 1-form is 
also exact. Being not a 3-form '^-f^-f^i' is not a physical 
conserved current. But we can introduce an infinitesimal 
local gauge transformation mediated by the background 
U{1) field F, given by 

e = KeF (63) 

where e is an arbitrary infinitesimal scalar field. With 
this assumption, equation (|62p reduces to 

= d{K€F A {Wj^-f^)} 

-Ked(F a¥757*) (64) 
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and then arbitrariness of e implies J^^/, a physical con- 
served current 3- form, to be a Noether current. 
We know the following theorem, [H, [s^l : 

Let {M,g^^) be a spacetime associated with a gravity- 
matter system. Let, furthermore, 3 be an initial hyper- 
surface within an appropriate initial value problem. Then 
there exists a non-trivial Killing vector field and a 
gauge potential A* so that the Lie derivative £^A*^ — 
in a neighbourhood O of 3, if and only if there exists 
a non-trivial initial data set [S,'^], satisfying V^Vj^^q, = 
Rvaij.pS.^ , so that [f^g^j^jy] and vanish identically 

on E. 

Owing to this existence theorem of the Killing vector field 
^ there exists, [13, [1^, a Noether current 3-form J and 
surface density 2- form Q, given by 



J = dQ 
Q = *d^- 



(65) 
(66) 



Then we can intoduce an expression for black hole en- 
tropy, [H, [11] , given by 

SNoether=/3N=(3 [ 3^(3 [ Q, (67) 
JC JdC 

here /? = kq is the surface gravity of the black 
hole horizion and C is an asymptotically flat hypersur- 
facc with "interior boundary"' dC. Now introducing the 
local SL{2,C) gauge transformation on the spinor fleld 
and gamma matrices, mediated by the surface charge two 
form d^, where 9 is given by 



= edt 

Then the equation ([S^ reduces to 

= d{ed£, A (■$■7,57*)} 
-ed{d^ A ¥757^') 



(68) 



(69) 



and arbitrariness of e establishes 

= deA^757*, (70) 
a physical current 3-form, to be a Noether current. 

7. DISCUSSION 

Here we see that if we introduce a scalar field </> to 
cause the de Sitter connection to have the proper di- 
mension of a gauge field and also link this scalar field 
with the dimension of a Dirac field then we find that the 
Euler-Lagrange equations of both the fields to be mutu- 
ally non-interacting. But they are indirectly connected 
to each other when we consider Euler-Lagrange equa- 
tions of other geometric fields such as torsion and tetrad. 
Variation of the SO(3, 1) spin connection as an entity in- 
dependent of the tetrads we get the Newton's constant as 
inversely proportional to the topological Nieh-Yan den- 
sity and then the mass of the spinor field has been shown 



to be linked to the Newton's constant. Then using sym- 
metries of the Einstein's tensor we get covariant conser- 
vation of angular momentum of the Dirac field in the 
particular class of geometry in U4 as a generalization of 
the same in the Minkwoski space M4. Neglecting the 
spin-torsion interaction term and considering FRW cos- 
mology we arc able to derive standard cosmology with 
standard energy density together with dark matter, dark 
radiation and cosmological constant. 

Here we see that variation of torsion in the action gives 
us the axial vector 1-form ~ ^'757^ to be an exact 
form (|B21I ). If we consider FRW geometry to be in 
the background then the FRW postulate [Eqn. ((55)) ] [Soj 
makes it possible to define an axial vector current 3-form 
J-^Q^ as a product of torsion and matter current J5 . J'^or 
is conserved and as well as gauge invariant. 

In manifolds having arbitrary background geometry 
the exterior product of and an U{1) field strength F 
gives us a gauge invariant conserved current J^j^f. Also, 
following the existance of a Killing vector field ^, there 
exists another conserved current J^v Unlike conserved 
electric charge in standard model, where the vector cur- 
rent is given hy J = d* F, conserved charge in the current 
J^j^j = nj^ A F is associated with the magnetic part of 
F. In a similar manner the current J^y is associated 
with the magnetic part of d^ where as Noetherian en- 
tropy is connected to its electric part, [33 - [36j . In this 
sense, the conserved charges of J^m ^^"^ '^kv 
nected to monopole charges. 



Appendix A 

From the definition of Lagrangian Cg in ((25|) we see 
that the SO{3, 1) connection w"** is independent of the 
frame field e". It is metric dependent only on the on-shell, 
i.e. when we consider field equations corresponding to the 
variation of the Lagrange multipliers ba- Hence following 

[13, we can independently vary e°, V e", dT, R"^^ , (j), d(j), 
b°- and and find 



SCg = A ^r-^ +(5Ve° A ,., 



de"- 

-5T A -r3 + SR"'' A 



SdT 



dC 



G 



+5d(t)A 
de" A ( 



dT 
dCa 
dd(f> 

de" 



Sb"/\ 



d\J e" 
dCg 
dR">> 
dCg 
db" 



5c" ^ 



ddT 

dCg 

d<j) 
dCa 



^ dCn 

V^^) + 5TMd 
dye" 



^^^.) + SC,"'>AVp^;+5u;"'A{ 



dc" 
dCc 
ddT 

dCa 



+ 



dT 

dCc 

dio"^ 



+5c" A 



dCg 

dc" 



,dC 



G 



d^) + Sb"A 



dV e" 
dCa 



(Al) 



A Cb 



- d{de" A 



ddcj) 
dCg 
dVe" 



ST 



db" 
dCc 
ddT 
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dR'^'' dd(j) ' 



(A2) 



Using the form of the Lagrangian Cq, given in (|25p . we 
get 



iV(2R, - 7^77„) - * [&6 A (V e" - TT??a 



6 

-/i((/))77„ (A3) 



dCa 



= 2*[6fcA(Ve''-r'')]6a 



(A4) 
(A5) 



^ = -^*^^«^c.e^ A e'^ = -^*N^M (A6) 



I3(I)N - f{(l))d(l)A*d(j)^ h'{(f))T] (A7) 



G 



-2/*d0 



(A8) 



d£G 

dCg 

dc"- 



Where 



2*[foaA(Ve°-r")][(Ve°-r°)] (A9) 
2*[ca /\ {u}"^ - io"'' - T'''')][iuj''^ 

(AlO) 



_-ab _ yab^j 



2^^ " i'"''^'^^ 



and 5q = 



^x^''' 



(All) 



Prom above, Euler-Lagrange equations for ba and Cq 

imply V e° = T" as torsion and the connection uj — 
i^ab _ rpab torsion free, i.e. 

Ve, = 0. (A12) 
Using this result in (|A3|) and (|A4p we get 



G 



1 



de°- 6 



dU 



a(Ve'») 



+db(l)d'' (jyrja] - h{(j))ria 







(A13) 
(AM) 



Appendix B 

From the definition of the Lagrangian Cd in ([51]) we see 
that in the covarint derivative Dip the connection 1-form 
r is a function of the frame fields and their derivatives. So 
we can't treat Difj and as independent fields. Keeping 
this in mind we consider the variation of £^1 with respect 



to its independent fields i/", ip^ dip, dip, T, dT, cp, e° and 
(ie° and can write 



SC 



dC 



D 



D 



dip 



d{Dip) dijj 



+SD^ A^ + STA^ + 5{dT) 



dDiP dT 
0(p ae^ 



d{dT) 
(Bl) 



Here some variations and are contained in 5T of 
5D. Now S{Dip) — DSip + STip, since d and S commute, 
reduces (|B1[) to 

= 0^[{ii>iAA*7 + idln(?!)AV'*7- fV'TsTAT 



+1*7^/" A din — ^757 A Tip + c^V*dTipr]} 



+ -{STip A *jijj + 4'*-f A STip} 

+ ^{#(*7) A £>-!/; + i>0 A 5(*7)V'} 

1 ' 
A {-V'757'0 - 7r[2^'>pd{- 



'dT 



iPiP)} 



+2(^[^{V'*7 ADip+ iDip A *7'(/;} 



— ^i'lbli' A r + c^\/*dTipiprj\5(p 
+ surface terms(S. T.). 

Third term of this equation gives 



(B2) 



-[5TiP A*jiP + iP*"f A SriP](P'' 

= ^J'l-ST A *7 + *7 A 6T]ip(p'^ 

= -iv^[ac6<5(e^'^eV:,)7'' +7Vc6<S(e^^eV:,)]V'0\ 

o 

= Ise'' A \4^{acbea^e\..,Y +l"ocbea^e\...)iP(P'ri^ 
o 

+Dp{V^(aea7" + 7V™)^02^^|]_^ 

It is to be noted here that, using the properties of 7 
matrices, the only surviving terms of | [r-0 A*^ip + ip*^ A 

Tip] = —^ip{'^^"ffi:vl'' + l''"i^lfi:v)'^'n are those for which 
7^, 7*^ and are anti-symmetrized. This implies that, 
in the variational calculation, the Christoffel part of the 
Riemannian covariant derivative remains insensitive. 
Fourth term of (jB2[) gives 



-{#(*7) A + D1PA 5{*-i)ip}(p'^ 

= A {i^i^ba A Dip- Di^j''ip A ?7f,a}0' (B4) 
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Hence Euler-Lagrangc equations corresponding to the ex- 
tremum of Ctot. from the independent variations of e°, T, 
0, w"'' and using (|A2|) . (jAS]) and (jAe]) . give us 

i*7V(2Ra-7^?7a) 
o 

o 

-J{?7VAi?^-W7VAr/6a}<^' = (B5) 



Now using ((BT0| . (|BT2)) and ((BT3| . the field equation 
B5|) reduces to 

-(2Ra - nr,a) + fm~2da^d''(l,r,b + db<f>d''^Va] 

K 

o 

+ [|^757a* AT- ]^m^'^-^r]a] 

~l:{^l\ba AD^- 'mj'''f A ?7faa} = (B14) 



where Vj^ represents torsion-free covariant differentiation 
w. r. t. both external and internal indices. Now by 
exterior multiplication with e" from left, this equation 
yields 



\<f>^i^l5l^ (B6) 



2/30iV + f'{(t>)d(t> A *d(t> - + 2fd*d<t) 

-7V'757^A^ + cv,^/*d^V^^/'^?] (B7) 



V{*N7^ab) = (B8) 
Using ((JT2]) in dlHl), we get 

d*N = (B9) 
From this equation we can write 

6 



(BIO) 



where k is an integration constant having {length)^ di- 
mension. From (|B2[) we can write the Euler-Lagrange 
equations for the fields i}} and ^ as 

i*7 A + **7'^' Adhicf) 
9 



-757 A Tt/i m^,'0?7 = 0, 
iDij} A *7 -t- idlnc/) A "0*7 
~7''/'757 A T -I- m^.i/jjy 0, 



(Bll) 



provided we define, using ()B10|) . the mass of the field ij} 
as 



= c^,\/*dT = 



C.4, 



(B12) 



If we define \f = as the Dirac field having the proper 
dimension and conformal weight and = m^, the 
equations in (jBlip reduce to their standard form in the 
particular class of geometry in C/4 space [s^ 



-TLrj + ^{**7 AD-^ + D-^ A *7«'} - 7*7.57^' A T 
K 2 4 

+2mvi.*'*7/ - 2fd(j) A *d(j) - Ahf] = (B15) 
and after using Dirac equations (|B13p . we get 

TZr] ^[^771***7; - 1^757^' A T 



~/rf0A*d0 + 2/i77] 



(B16) 



Again, taking exterior multiplication of (|B14p by e**, we 
get 

- [n5\ + 2G^]77 + ^{**7 A + :D* A *-i-^}5\ 



+2fda(f>d''(f>7] - fd(f> A *d(f>S''a - hr]S''a = (B17) 



Using Dirac equations (|B13|) and equation (|B16|) . this 
equation reduces to 



-f*757a**r^ 



1 

16 



V,{vl/(a^7" + 7"^''a)*k 



-fdacl)d''^r^ + -{h)r,5\], 



(B18) 



here *Ta is the flat space tensorial component of the one 
form *T. Now using symmetries of the Einstein's tensor 
Qab ^ (,g^j^ break this equation to a symmetric part and 
an antisymmetric part, and can write 



i*7Ai:'*- |757Ar* + m**/7 = 0, 



i£)4'A*7- |l'757AT-h 



0. (B13) 



i?''^'7,)*}r/ - ^5-75 (7,*T^ + 7''*T,)*?7 



(B19) 



= [iv.*{^,7''}*+^W7'^a-7a^')* 

-|^75(7a*r^-7''*T,)*]7]. (B20) 

Again using (|B10p . (|B11|) and (|B12p . equations (|B6l) 
and (|B7|) reduce to 

or, Kd[|*(W757«'Ar)-/*(fi(/)A*d(/)) 
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+2/i - -02] = -^^757^-, (B21) 
-/3(^ + A *d0 - /i'(0)r; + 2/d*fi(/) 

K 

= ~2(f>[^0*-f A + W A *7-0} 

-|'0757^ A r + ni^ipipT]] 
= 0. (B22) 
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